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A method is proposed for  determining the noise intensity of subsonic jets. The resul ts  
are  given f rom a calculation of the far-f ie ld  intensity level of a jet for var ious Mach 
numbers at the nozzle orifice. The resul ts  of the calculation a re  compared with the ex-  
perimental  data. 

The foundations of the theory of turbulent jets have been laid in the work of Lighthitl and fur ther  
elaborated by his followers.  According to the theory set forth in [1, 2] the acoustic emiss ion intensity of a 
jet is proportional to USa. However, the experimental  data [3, 4, et al.] indicate that the jet noise intensity 
for M a < 0.6 is proportional to U~a; as M a is increased the power exponent grows larger ,  approaching a 
value of 7 to 7.5 for  t ransonic jets. Several papers have been published to date (e.g., [5, 6]) in which in- 
formation is presented on turbulence charac te r i s t i cs ,  permitt ing a numerical  calculation of the intensity 
level in the far  field of a jet according to [1, 2]. The resul ts  of this calculation prove to be too low in com-  
parison with the experimental  data: by 20 to 25 dB for jets with M a in the interval f rom 0.3 to 0.6. The 
discrepancy of the analytical and experimental  resul ts  is probably attributable to the fact that fluctuation 
t e rms  of the type p'(0Ui/~xj) were not considered in [2]. Their  incorporat ion into the fo rm of solution 
adopted in [1, 2] poses difficulties. We propose therefore,  to seek an express ion for the noise intensity in 
the field of a jet by a somewhat different method. 

We s tar t  with the wave equation derived by Lighthill*: 

02P a~hp - d2 T u, (1) 
Ot 2 dxiOx~ 

in which 

Ti ~ = pu~u ~ + p(ru _ a2oP(~. (2) 

Given the initial conditions 

(gp = 0 P fro, O) = Po, ~ ~=o 

the solution of (1) can be writ ten in the form 

0 (ro, t) - -  0o -- 4~a~ OxiOxj Tij �9 ir ~  r] 
W 

(3) 

The integration in (3) is carr ied  out over the volume occupied by the gas existing in turbulent motion, 
i .e. ,  over the jet volume. The quantity r = t - I r0 - r l / a o  is the t ime at which a signal emitted at the point 
r a r r ives  at the point r 0 at time t (Fig. 1). If we neglect the viscosi ty  and sound absorption due to thermal 
conduction in (2), we find that the expression for the excess p ressure  takes the form 

* Here and elsewhere the double subscript  in a s ing le - te rm express ion indicates summation on its values 
f rom 1 to 3. 
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Fig .  1 

F ig .  1. P h y s i c a l  m o d e l  of the  p r o b l e m .  
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Fig .  2 

F ig .  2. F a r - f i e l d  j e t  n o i s e  i n t e n s i t y  l eve l  v e r s u s  e m i s s i o n  ang le  and 
Mach  n u m b e r .  1) M a = 0 10; 2) 0.12; 3) 0.223; 4) 0.312; 5) 0.435; 6) 
0.589; 7) 0.90; d a s h e d  curve)  f i r s t  a p p r o x i m a t i o n ;  d o t - d a s h  curve)  
second  a p p r o x i m a t i o n ;  so l id  curve)  t h i r d  a p p r o x i m a t i o n ;  the po in ts  d e -  
note  the  e x p e r i m e n t a l  da t a  of [3]; L, dB. 

p (ro, t) - -  Po = ~ . Ox~Oxy puluy .~ ]r 0 -  r] 
W 

We take the time average, assuming that the average parameters in the jet are time-independent. 

In this case we obtain for the average excess pressure at r0, which does not contribute to the noise, 

P (to) - -  Po = ~ OxiOxy 
W 

- dW - -  p (u~uj + u~ u)) 
Ir0 F I 

u ' u '  d eno t e s  a ; r  w h e r e  the  b a r  ove r  i j 

F o r  the p r e s s u r e  f l uc tua t i on  a t  point  r 0 we have  

'//;[ ] p' (r0, t) = ~ p (U,u) + Uy; + u; u;. - -  u', u) dW 
Iro-- rl 

W 

(4) 

We c o n s i d e r  the  gas  in  the  je t  to be i n c o m p r e s s i b l e  and n e g l e c t  in  (4) the d i f f e r e n c e  u.Tu! , T -- u.u. .  Then  
(4) r e d u c e s  to the  f o r m  : j 1 3 

aUi [ Ou~ ] dW 

L ax~ j (to- rl 
W 

We t r a n s f o r m  f r o m  C a r t e s i a n  to c y l i n d r i c a l  c o o r d i n a t e s  and in the  s u m  con ta ined  in  the  i n t e g r a n d  of 
the  l a t t e r  equa t ion  r e j e c t  h i g h e r - o r d e r  s m a l l  t e r m s  wi th  r e g a r d  for  the  fac t  tha t  in  the je t  U >> V and 0U 
/Or  >> 0U/0r .  Then  

p ' ( r  0' t ) = - ~ a  &-r ~ x  ~ ( r0 - - r l  (5) 
W 

To c a l c u l a t e  the  je t  n o i s e  i n t e n s i t y  we use  the  f u n d a m e n t a l  p r i n c i p l e  of L i g h t h i l l ' s  t h e o r y :  i f  the n o i s e  
s o u r c e s  in  the j e t  a r e  s u f f i c i e n t l y  c o r r e l a t e d ,  the  p r e s s u r e  a m p l i t u d e  a t  point  r 0 i s  a l i n e a r  c o m b i n a t i o n  of 
the  a m p l i t u d e s  g e n e r a t e d  by  the  s o u r c e s ,  and fo r  u n c o r r e l a t e d  s o u r c e s  the  a c o u s t i c  e n e r g y  i s  a d d i t i v e .  
In a c c o r d a n c e  wi th  th i s  p r i n c i p l e  we p a r t i t i o n  the  j e t  in to  d o m a i n s  in  wh ich  the v e l o c i t y  f l uc tua t i ons  a r e  
c o r r e l a t e d  and we d e t e r m i n e  the i n t e n s i t y  g e n e r a t e d  a t  r 0 by  a s ing le  such  d o m a i n  ~.  To do th i s  we r e p r e -  
s en t  T a s  fo l lows :  
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�9 ( r ) = t  [ r~  
C/o 

where  St(r) is the propagat ion t ime  of a per turba t ion  f r o m  point r of the domain fl to the sur face  S of a 
sphere  of radius  [ r  0 - r , [  with center  a t  r 0 and tangent to ~ (Fig. 1). We call  6t(r) the p roper  t ime  delay by 
analogy with the t e r m  used in e lec t romagne t ic  field theory  [7]. The quantity l r 0 - r , I / a  o r e p r e s e n t s  the 
propagat ion t ime of a per turba t ion  f r o m  the su r face  S to the point r 0 .  

We expand the function avT/8~x, which depends on the p roper  delay, in a Tay lor  s e r i e s  in the neigh-  
borhood of the t ime  t ,  = t - [ r0 - rl  ~no: 

[s]: 

ax ], L ax ]t .+st[-a~-~ \--~--x t . + - - - ~ k  o - T \ ~ / ] t .  + ' ' "  
(6) 

The x der iva t ives  can be expressed  in t e r m s  of the t der iva t ives  on the bas is  of the Taylor  hypothesis  

O 1 a 
= u - - / " W "  (7) 

It now r e m a i n s  for  us to consider  the re la t ionship  between the t and the ~- der iva t ives .  Proceeding f r o m  the 
definition of ~-, we have 

O'r 1 - -  1 0 [ro--r]; 0 Un O'r 
= a--o- " - ~ -  ~ -  Ir~ - -  r] = - -  

~ a t  ' 

where  
ro - -  r 0 ( ro  - -  r )  

n - -  ; U c ~  
Iro - -  r] at 

We the re fo re  a r r i v e  at  the re la t ion  

_ _  a ( 8 )  o = (1 - -  M~cos 0) -1 o-~-' 
ot 

which desc r ibes  the Doppler effect,  i .e . ,  r e l a t e s  the natural  f requency of the sound emit ted by a moving 
sou rce  to the f requency perce ived  in a fixed coordinate  s y s t e m  [7]. 

Taking (6)-(8) into account,  we find for  the p r e s s u r e  genera ted by the domain fl 

p' (ro, t ) =  ~SS B(r)[A(r)],dW, (9) 

where  

Po aU (1 - -  M~ cos 0) -1 
B (r) = 2 3  ' a---r- ' U c l r  o -  r[ ' 

A (r) = ov'a~ -}- ~t (r) ~ ~ + -2-I [6t (0] 2 83v----~'O~ s + . . .  

(i0) 

Note that in (9) A(r) is evaluated for  al l  points of fl at  one given t ime  t , ,  as  opposed to (5), in which 
the integrand is evaluated at  dif ferent  t imes  for  different  points of the domain of integration.  The choice of 
the t ime t ,  does not affect  the value of the noise intensity,  so that in (9) we can drop the a rgument  t ,  on the 
r ight  and t on the left. 

We now consider  the fluctuation p r e s s u r e  in the zeroth  approximat ion,  which is de termined by the 
f i r s t  t e r m  in (10). In this approximat ion  the re la t ive  delay of per turba t ions  emit ted by different  e lements  
of fl is ignored. Evaluating the integrand in this case  by means  of the momentum conserva t ion  equations 
for  an incompress ib le  gas,  we obtain 

p '  (ro)  - 4 ~  l r o - -  r i  " 
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This in tegra l  is equal to zero ,  because  r 0 l ies outside the domain ~ [9]. There fore ,  the f i r s t  t e r m  
of the s e r i e s  (10) does not contr ibute  to the noise p r e s s u r e .  

We fur ther  the de te rmina t ion  of the jet noise intensi ty in accordance  with [1]. We wri te  Eq. (9) in the 
approx ima te  f o r m  

p' (ro) - B (re) A (r c) ~. 

Now the intensi ty  of the noise genera ted  by ~ is 

1 
/~ (r0) = B 2 (re) A (r e) A (r~ + &) f~2. 

p0a0 

The intensi ty  emit ted by unit volume of the jet is wr i t ten  in the f o r m  

I~, (ro) = 1 B2 (re) A 2 (re) fl~, (11) 
poao 

where  fll is the c h a r a c t e r i s t i c  volume de termined  by the in tegra l  turbulence sca les .  The intensi ty of the 
noise genera ted  a t  the point r 0 by the ent i re  jet is deduced by integrat ion of (11) over  the volume occupied 
by the turbulent  jet: 

4~2ao J J J  & U] 1r o -  r[ 2' 
W 

where  the expres s ion  for  ~2 with r ega rd  for  the re la t ions  

( Or' )~ ~ O~v ' '2  

(12) 

a s s u m e s  the f o r m  

A-~ = v-~[(~)2 (o4 ~-(~t)3 (05-~ i~ (~t)4 r A V ...1. (13) 

It is clear that the characteristic time delay 6t is proportional to the characteristic dimension of the domain 
f~. We assume in the calculations that 6t = 0.37Lx/a 0. 

The calculations were carried out on a digital computer according to Eqs. (12) and (13) for the jet 
far field, where [r 0 - rl was replaced by [r 0] . The requisite parameters were taken from [5, 6, i0]; the 
necessary turbulence characteristics were specified as approximations of the empirical relations given 
in the same papers. 

The results of the noise intensity level (L) calculations are shown in Fig. 2. As the figure indicates, 
for jets with M a < 0.5 the calculation of the intensity in the first approximation, i.e., with only the first 
term retained in (13), yields good agreement with the experimental data, and the subsequent approxima- 
tions converge rapidly. The noise intensity for the given values of Ma is proportional to U~a . For transonic 
jets the third or fourth approximation suffices, but for better concurrence with the experimental, ob- 
viously, the compressibility of the gas in the jet should be taken into account. 

t 
r 

xi, xj 
r o  

x ,  r ,  
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a 0 
p 

N O T A T I O N  

is the t ime;  
is the radius  vec tor ;  
a r e  the project ions  of the la t ter  on the Car te s i an  coordinate axes;  
is the radius  vec to r  at  which the noise intensi ty is sought; 
a r e  the cyl indr ica l  coordinates;  
a r e  the instantaneous,  ave rage ,  and fluctuation veloci t ies  in project ion on the Car tes ian  
coordinate  axes;  
a r e  the axial ,  radial ,  and tangential  components  of the instantaneous velocity;  
a r e  the longitudinal and radia l  ave r age  veloci t ies ;  
is  the radia l  f luctuation veloci ty  component;  
is the veloci ty  of sound; 
is the density;  
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P0, P0 
P, P, p' 
U a, Ma 

U c, M c 
~2 

r e 
w, 5t 

Lx, Lr 
~l = (Tr/4)Lx L2; 

n = (r o - r ) / I r o - r  I 
8 
I 
L 

A 

are  the density and pressure  in the unperturbed medium; 
a re  the instantaneous, average,  and fluctuation p ressures ;  
a re  the average velocity and Mach number at the nozzle orifice; 
a re  the velocity and Mach number for vortex convection; 
is the charac te r i s t ic  volume of velocity fluctuation corre la t ion  domain; 
is the radius vector  of the center  of the domain ~; 
a re  the charac te r i s t ic  natural frequency and proper t ime delay for ~; 
a re  the longitudinal and radial integral turbulence scales;  

is the unit vector  in the direct ion of emission;  
is the angle between n and the x axis; 
is the noise intensity; 
is the intensity level; 
is the unit tensor;  
is the Laplace operator .  
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